Based on the mapping between s = 1/2 spin operators and hard-core bosons, we extend the cluster perturbation theory to spin systems and study the whole excitation spectrum of the antiferromagnetic J1-J2 Heisenberg model on the square lattice. In the Néel phase for J2 0.4J1, in addition to the dominant magnon excitation, there is an obvious continuum close to (π, 0) in the Brillouin zone indicating the deconfined spin-1/2 spinon excitations. In the stripe phase for J2 0.6J1, we find similar high-energy two-spinon continuums at (π/2, π/2) and (π/2, π), respectively. The intermediate phase is characterized by a spectrum with completely deconfined broad continuum, which is attributed to a Z2 quantum spin liquid with the aid of a variational-Monte-Carlo analysis.
The spin-1/2 antiferromagnetic (AF) J 1 -J 2 Heisenberg model on two-dimensional square lattice has generated enormous interest due to its close relation to the magnetism in high-T c superconducting materials [1] [2] [3] and its possibility of realizing the so-called quantum spin liquid state. The variables J 1 and J 2 denote the nearest-neighbor (NN) and next-nearest-neighbor (NNN) exchange interactions, respectively. In the region for small J 2 ( 0.4J 1 ), the ground state is widely believed to have a (π, π) Néel AF long-range order, while the (0, π) and (π, 0) stripe AF orders are stabilized for large J 2 ( 0.6J 1 ). In the intermediate region (0.4J 1 J 2 0.6J 1 ), many numerical studies have shown that it is a magnetically disordered and spin-rotation-invariant quantum phase. While, there is controversy on the nature of this nonmagnetic phase, and various candidate states have been proposed, such as the quantum spin-liquid (QSL)states [4] [5] [6] [7] [8] [9] , the plaquette valence-bond state [10] [11] [12] [13] [14] [15] [16] [17] , or the columnar valence-bond state [18] [19] [20] [21] . Also, the previous studies mostly focus on the ground state, while the results about the magnetic excitation spectrum are still lacking. The dynamic spectra can provide important information to identify the nature of the ground state, and it is directly related to the spectroscopic experiments such as inelastic neutron scatterings (INS).
For a magnetically ordered ground state, it is believed that the low-energy excitation spectra is well captured by the linear spin-wave theory, in which the spin is regarded as a classical three-component vector and the excitations are quantized quasiparticles (magnon with spin-1) of waves due to the spin rotations. However, a recent INS experiment on the Néel antiferromagnet Cu(DCOO) 2 · 4D 2 O (CFTD), which is considered as the best realization of the square-lattice Heisenberg model to date [22] [23] [24] , observes a non-spin-wave continuum at (π, 0) in the Brillouin zone (BZ) [25] . This has been interpreted as a sign of deconfinement of spinons, i.e., the magnon fractionalizes into two independent s = 1/2 objects [25] . In contrast, the (π/2, π/2) excitation remains more magnonlike. A recent theoretical study based on quantum Monte Carlo simulations supports this deconfinement scenario [26] , but some other works ascribe the continuum at (π, 0) to multimagnon processes [27] [28] [29] . Thus, the nature of the continuum at (π, 0) is still under debate.
In this paper, we extend the cluster perturbation theory (CPT) to spin systems by using the mapping between s = 1/2 spin operators and hard-core bosons. With this method, we calculate the whole dynamic spectrum of the J 1 -J 2 model and clearly show the confinement and deconfinement of spinons in various phases with the variation of J 2 . In the Néel phase (J 2 0.4J 1 ), in addition to the dominant magnon excitaion, we obtain an obvious continuum coming from two-spinon excitations at high energy close to (π, 0), which is consistent with the recent experimental observation [25] . In the stripe phase (J 2 0.6J 1 ), similar high-energy continuums are also found, but their locations move to (π/2, π/2) and (π/2, π). In the intermediate phase (0.4J 1 J 2 0.6J 1 ), the whole spectrum becomes a broad continuum, and we find that its characteristics are in good agreement with a Z 2 QSL based on a variational-Monte-Carlo (VMC) analysis.
As mentioned above, we consider the square-lattice spin-1/2 AF J 1 -J 2 Heisenberg model:
where ij and ij denote the NN and NNN bonds, respectively. To investigate strongly correlated systems, one of the most reliable numerical methods is the exact diagonalization (ED). However, the system size that the ED can handle is too small to get the dispersion of excitations. To amend this shortcoming, we use the CPT, in which the short-range correlations are captured exactly by the ED of a small cluster and the properties of the infinite lattice are obtained with a perturbative trement of the inter-cluster couplings. This method has been successfully applied to various correlated electronic systems [30] [31] [32] [33] [34] . Here, we extend the CPT to the s = 1/2 spin models. Firstly, using the exact mapping between s = 1/2 spin operators and hard-core bosonic operators [35, 36] , † i b i . Thus, we can use the bosonic version [37, 38] of the CPT to calculate the dynamic spectrum of the model (3) .
In CPT, the original lattice is divided into identical clusters which constitute a superlattice. The lattice Hamiltonian is written as H = H ′ + V , where H ′ is the cluster Hamiltonian, obtained by severing the hopping terms between different clusters, which are now contained in V . The Green's function G of the original lattice is expressed (in matrix form) as [30] 
where G ′ is the cluster Green's function calculated by the ED method [39] , andk the wavevector in the BZ of the superlattice. Since the translation invariance of the original lattice is broken by the cluster decomposition, we use a periodization procedure to recover the translation invariance of Green's function [30] ,
where N is the number of the lattice sites in each cluster, µ and ν are the indices of the sites. Here, the wavevector k in the original BZ can be expressed as k =k + K, where K is the reciprocal vector of the superlattice. Since the intercluster coupling V contains only the one-body terms, the NN and NNN interactions connecting different clusters can not be included into V . To treat these extended interactions, we perform a Hartree approximation [40, 41] and the intercluster interactions is then replaced by, (7) where n i is the mean-field value of n i and is determined self-consistently.
In virtue of the mapping between s = 1/2 spins and hard-core bosons, the dynamic spin susceptibility χ +− (k, ω) corresponds to the bosonic single-particle Green's function G cpt (k, ω), so the spin structure factor is given by,
To check the validity of the CPT method, we have applied it to the NN AF Heisenberg models on the chain and ladder, which have been well studied by analytical and numerical methods respectively [42] [43] [44] . We find that it can give the excitation spectra not only for the magnon but also for the spinon and multimagnon excitations, which agree well with the analytical results based on the Bethe Ansatz method or the numerical results based on the density-matrix-renormalization-group method [45] . In the following, the calculations for the square-lattice AF Heisenberg model are carried out by tiling the lattice with 4 × 6 clusters if not explicitly specified, and we have checked that the finite-size effects are very weak by comparing to the results with the 4 × 4 cluster tiling [45] .
Let us first study the spectral properties in the Néel phase (J 2 0.4J 1 ). Fig. 1 (a) shows the spin excitation spectra for the NN AF Heisenberg model (J 2 = 0) along several high symmetry lines. Overall, the dispersion is in good agreement with that obtained by the spin-wave theory (SWT) with 1/S correction as denoted by the dotted lines [46] . Especially, the CPT result can successfully produce the critical Goldstone mode at (π, π). However, the result with CPT shows a clear downward dispersion around (π, 0) so that a local minimum forms at that k point, while the SWT exhibits a nearly flat dispersion. This indicates that the spin excitations near (π, 0) deviate from the single-magnon modes which are the only excitations in the SWT. Figure 1(c) shows the energy distributions of spectra at (π, 0) and (π/2, π/2) and the fittings with the Lorentz functions denoted by the dotted lines. At (π/2, π/2), the spectrum can be well fit by the Lorentz function, indicating that it comes essentially from the single-particle bosonic excitation, i.e., magnon. However, though the spectrum at (π, 0) is also dominated by the Lorentz-type magnon excitations, an additional long tail extended to high energies can be clearly observed, which exhibits as a continuum in the excitation spectra. By subtracting the weight of the Lorentz fittings from the total spectral weight, we find that the continuum accounts for 19% of the total spectral weight at (π, 0) but only negligible 2% at (π/2, π/2). On the other hand, Fig. 1(c) shows that the excitation energy at (π, 0) is lower than that at (π/2, π/2), which can in fact also be discerned from the spectra shown in Fig. 1(a) . Moreover, the spectral intensity at (π, 0) is smaller than that at (π/2, π/2). These results presented in Fig.1 (a) and (c) with J 2 = 0 have already reproduced qualitatively the features of the anomalies near (π, 0) as observed by INS experiments on CFTD [23] [24] [25] , namely the downward dispersion, an additional long tail spectral weights and the reduction of the spectral weight compared to that near (π/2, π/2), indicating that our CPT calculation has captured more physics going beyond the usual SWT method. However, the quantities of the anomalies are all obviously smaller than those observed in experiments [23] [24] [25] . Considering that the NNN AF exchange can not be neglectable small in real materials, we turn on the NNN interaction J 2 and show the results for J 2 = 0.1J 1 in Fig. 1(b) and (d). Indeed, in comparison with the case of J 2 = 0, the spectra agree better with the experimental results [23] [24] [25] . Specifically, now the continuum carries 28% of the total spectral weights at (π, 0) but still only 5% at (π/2, π/2), and the energy difference between (π, 0) and (π/2, π/2) is increased to 0.23J 1 [see Fig. 1(d) ]. These results indi- cate that a small J 2 is necessary to quantitatively reproduce the experimental observations, but the results for J 2 = 0 have already captured their main features. As we increase J 2 further, the quantities of the anomalies at (π, 0) is further enhanced as shown in Fig. 2(a) for
We then turn to the spectra in another magnetically ordered stripe phase (J 2 0.6J 1 ). The typical result for J 2 = 2.0J 1 is shown in Fig. 2(b) . We find that the Goldstone mode shifts to (π, 0), which is consistent with the stripe order, and the low-energy dispersion is consistent with the SWT results denoted by the dotted lines [46] . However, similar to the Néel phase for small J 2 , there are also distinct continuums at high energies, and their positions are now near (π/2, π/2) and (π/2, π). Thus, the high-energy continuum is a common feature of the magnetically ordered states of the J 1 -J 2 model, which suggests some kind of physics beyond the usual picture of magnon.
Before discussing the origin of the non-spin-wave continuums, we will now study the nature of the magnetically disordered phase in the intermediate region (0.4J 1 J 2 0.6J 1 ), and the typical result for J 2 = 0.5J 1 is presented in Fig. 3(a) . One can see that the Goldstone mode related to magnetic orders disappears, and the whole spectrum becomes a broad continuum. This suggests strongly the fractionalized excitations coming from a QSL ground state. Moreover, we note that the spectrum is gapless, as can be seen more clearly from the inset of Fig. 3(a) .
In order to identify this possible QSL state, we resort to the VMC method [45, 47] to carry out an analysis, based on the general resonant-valence-bond (RVB) mean-field (MF) Hamiltonian for spinons:
The physical ground states for the spin model are represented by Gutzwiller-projected MF wave functions, and the s = 1 excited states by the Gutzwiller-projected twospinon wave functions. As with the previous study [9] , we find that a state with ǫ k = t(cos k x + cos k y ) and ∆ k = ∆ 1 (cos k x − cos k y ) + ∆ 2 sin 2k x sin 2k y gives the best variational energy, and the optimal variational parameters are ∆ 1 = 3.60t and ∆ 2 = 2.20t. More importantly, we find that the spin-excitation spectrum from the VMC calculation [ Fig. 3(b) ] is consistent with the CPT results [ Fig. 3(a) ] quite well. The only slight difference of the spectra between the two cases is that the maximum spectral weight at (π, π) locates at a higher energy for the CPT result. However, from the inset of Fig. 3(a) , we can see that the spectral weight at (π, π) will shift to low energies as the cluster size in CPT increases. These results indicate that the state obtain by the VMC is the most likely ground state for J 2 = 0.5J 1 and it is a gapless Z 2 QSL [9] according to the theory of the projective-symmetry group [48] .
In Fig. 4(a) and (b), we present the evolution of the spectra from J 2 = 0 to J 2 = 0.5J 1 at (π, 0) and (π/2, π/2), respectively. First, we note that the highenergy continuums at (π, 0) are much stronger than those at (π/2, π/2) for all of J 2 . Most importantly, both Fig. 4(a) and (b) show that the evolution of the spectra is continuous up to the J 2 = 0.5J 1 case with a QSL ground state. However, the evolution at (π/2, π/2) exhibits mainly as the broadening of the Lorentz lineshape, while that at (π, 0) not only as the similar broadening but also as an enhancement of the continuum tail. As the elementary excitations in the QSL phase are fractionalized spinons carrying spin s = 1/2, we ascribe the anomalous high-energy continuum in the magnetically ordered phases as the deconfinement of the spinons. In this way, the s = 1 magnons are confined pair of spinons.
To understand why the fractionalized excitations appear around (π, 0) instead of other momentum points, we perform the same VMC analysis based on the MF Hamiltonian (9). For J 2 = 0.1J 1 , we find the state with ε k = t(cos k x + cos k y ), ∆ k = ∆(cos k x − cos k y ) and ∆ = 0.30t gives the optimal variational energy. The contour plot of the dispersion for a single-spinon excitation is presented in Fig. 4(c) , which shows four minima at (±π/2, ±π/2). Thus, the minimum energy for two- spinon excitations will have wave vectors (π, 0) or (π, π). But, the two spinons are confined around (π, π) due to the existence of the Néel order, so the fractionalized excitations are most likely to appear around (π, 0). This explanation also applies to the case of the stripe phase. For J 2 = 2.0J 1 , we find that ε k = t 1 (cos k x + cos k y ) + 2t 2 cos k x cos k y and ∆ k = ∆ 1 (cos k x − cos k y ) + 2∆ 2 sin k x sin k y with t 1 = −0.10t 2 , ∆ 1 = 0.06t 2 and ∆ 2 = −0.26t 2 gives the optimal variational state. As shown in Fig. 4(d) , the two-spinon excitations at (π/2, π/2) have the lowest excitation energy and those at (π, π/2) have a similar lower excitation energy, so the deconfinement of spinons emerges at these momenta. While a pair of spinons are confined to form a magnon around (π, 0) and (π, π) due to the existence of the stripe order, though the two-spinon excitation also carries a minimum energy at these momenta, which is similar to the Néel phase as described above.
In summary, we extend the cluster perturbation theory to the s = 1/2 spin model, and study the spin excitation spectra for the AF J 1 -J 2 Heisenberg model on the square lattice. We show clearly the confinement and deconfinement of the spin-1/2 spinons with a variation of J 2 . In the magnetically ordered phases, the spin excitations are partially fractionalized at hight energies, though the lowenergy excitations are well defined magnons. In the magnetically disordered phase, the whole spectrum becomes a broad continuum suggesting a complete fractionalization of spin excitations, whose ground state is ascribed to be a Z 2 quantum spin liquid. Our investigation also highlights that the developed approach is applicable to a variety of long-range ordered and disordered (spin liquid) phases.
This work was supported by the National Natural CPT results on the one-dimension chain and ladder Figure 5 (a) illustrates the schematic diagrams of the one-dimensional and ladder Heisenberg models. In the cluster-perturbation-theory (CPT) calculations, we use 1×12 and 2×12 clusters for the chain and ladder models, respectively. In the one-dimensional chain, the elementary excitations are the fractionalized s = 1/2 spinons. The dynamical structure factor S +− (k, ω) for the onedimensional AF Heisenberg model is shown in Fig. 5(b) , in which the obvious two-spinon continuum spectrum can be seen. This is the characteristic of the fractionalization of the spin excitation, and it is consistent with the analytical results based on the Bethe Ansatz method [42, 43] . In the ladder system, the spinon excitations of the individual chains are confined by the interchain couplings. Thus, the gapless two-spinon continuum in the one-dimensional chain is replaced by the gapped s = 1 two-spinon bound states, which are referred to as "magnons". For the ladder system, the momentums along the rung direction have only two values, i.e., k y = 0 and k y = π, so we can define two types of dynamical structure factors S +− 0 (k, ω) and S +− π (k, ω), which are symmetric (k y = 0) and antisymmetric (k y = π) for exchanging two legs of the ladder, respectively. Moveover, odd and even number of magnon excitations contribute to the asymmetric The excitation spectrum shown in Fig. 5(c) is made up of the low-energy gapped one-magnon excitations, and it exhibits a sharp structure. On the other hand, the spectrum in the symmetric channel shown in Fig. 5(d) is a continuum, which is resulted from the two-magnon excitations. These results of the spin ladder agree well with those obtained by the density-matrix-renormalizationgroup method [44] .
CPT results for the J1-J2 model with 4 × 4 cluster tiling
To check the finite-size effects of the clusters in the CPT, we here present the results calculated from the 4 × 4 cluster tiling (see Fig. 6 ), in addition to the 4 × 6 cluster tiling used in the main text. We find that the spin-excitation spectra in Fig. 6 are in good agreement with those in the main text for the 4 × 6 cluster tiling, which implies that the finite-size effects are very weak for the 4 × 6 cluster tiling.
Details of the VMC method
We briefly introduce the VMC method for calculating the ground state and the dynamical excitation spectra of an s = 1/2 spin model.
In order to describe the fractionalization of spin excitations, a natural way is to use a fermion representation of the spin operator:
